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Weak formulation

Strong formulation of the Poisson equation

Findu € H2() s.t. :
—Au=f, inQ
u =10, on 0N

H?() ~ differentiable two times ~
Multiplying by a "test" function v & by integration by part, one has

Weak formulation

Findu € H(Q) s.t. :
& [Vu-Vu=[ofv Yve H} Q).

H}(Q) ~ differentiable one times, equal to zero on the boundary
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Standard FEM formulation

Weak formulation

Find u € H}(Q) s.t.:
& [oVu-Vu=[gfv Yve Hj Q).

Standard FEM formulation

Find up, € Vj, s.t. :
=4 fQ Vuy, - Vo, = fQ fon Yv € V.

where V/, is a subspace of Hg () of finite dimensional.
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Standard FEM formulation

Finite element space
Let Vi, = (¢, € HY(Q) : k € {1,...,N}) C H} ().

Equivalence with a matrix system

Find up, = > Upptpy, € Vp, s.t. o Find Uj, € RY s.t. :
Jo Vun -V = [o foor Yk AU, = By,

where
Ap = (Jo Vi - Vi)kj
= (Jo [r)k
Un = (Uni)k

Final solution

un =Y Uity
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Lagrange continuous finite element

FE space : V;, = {cont. piecewise pol. functions on a regular mesh}

X=0 X; X Xj Xp  Xpu=l

Piecewise linear Lagrange FE order 1 (P1)

. V12
W
0
Order 1 (P,), dimension 2 Order 2 (IP2), dimension 1
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Lagrange continuous finite element : shape function

Why use polynomials ?

because the computation of the coefficient [, Vi, - Vi
of the FE matrix is explicit and exact

Important : if vy, is not polynomial, this computation is not exact
anymore

Why a mesh ?

because we can not good approximate a function
by a polynomial on the whole domain
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Regular mesh : Geometrical condition

e Simplex (triangle, tetrahedron)
The standard FEM works under the Ciarlet condition [Ciarlet
78]

o In general (hexahedron,...)
The standard FEM works if the Jacobian matrix to an reference
element is positive.

Important remark : If the mesh contains degenerated cells :

o It is not guaranty that standard FEM converges

e The conditioning number of the FE matrix is bad
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What is the conditioning number ?

Conditioning number of a matrix A :

Cond(A) := || All2]| A2

For symmetric definite positive matrices :

bigest eigen value

Cond(A) :=
ond(4) smallest eigen value

Example
1 0 0
ifA=[ 0 1 0 | thenCond(A)=1/e.

0 0 ¢
If € goes to zero, A goes to a non-invertible matrix

Conclusion
the conditioning number measures the invertibility of the matrix.
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Poor conditioning of the system matrix

o Non-degenerated mesh : Suppose that the mesh satisfies the geometrical
conditions, then
Cond(A) < C/h*

where h is the size of the cells.

o Only one degenerated cell :

Cond(A) > C/he

where ¢ is the size the degenerated cell.

Idea:

FE matrix :A = (aij)ij
ki) = [o VU - Vb1 = —1/e
’lﬁk+1

h € h
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Complex geometries

What can we do on complex geometries ?

In particular how to use hexahedral meshes
> Quasi-compressible elastic models : locking effect

What is the looking effect ?
e Theoretical continuous quasi-compressible models
"converge" to theoretical continuous incompressible models
o False for numerical models with tetrahedrons !
> not enough degree of freedom
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Complex geometries

Alternative : Fictitious domain methods

/

Advantages
e No need to mesh
e Regular cells

Difficulties
o Adapt the weak formulation
e Conditioning of the FE matrix
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Previous works, first works

References
Saul’ev 63’ (Dirichlet), Astrakhantsev 78’ (Neumann),
Glowinski 92’ (first proof)

Formal idea
Total energy = (energy on €2) + £ x (energy on 1) (e <<

N §
Advantage

Non-conform mesh (complex and time varying geometry)
Difficulty

Discontinuity, large FE matrix and bad cond. number
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Previous works, XFEM : cut shape functions

References
Moes-Bechet-Tourbier 2006, Haslinger-Renard 2009
Formal idea
Cut shape function : ¥, — Vi1l
Boundary condition on I' : Lagrange multiplier
Conditioning of the matrix : stabilization on the boundary

T'=0Q
Advantage
Small FE matrix
Good conditioning number
Difficulty
Non-classical shape functions and discontinuity in the integrals
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Previous works, Cut FEM : partial integration on the cells

References
Burman et al 2010-2014
Formal idea
Partial integration on the cell near the boundary
Lagrange multiplier or penalization for the boundary conditions
Conditioning of the matrix : stabilization on the boundary

Advantage
Standard shape functions

Difficulty
e Integral on the real boundary, cut integral.
e [P, formulation
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Previous work : Shifted Bound. Method : Taylor expansion

Formal idea (Dirichlet) Reference
Taylor expansion of the bound. cond.  Main-Scovazzi 2017

Real boundary conditiononI' : w = up
Discrete bound. cond.onT': u + Vu - d = up

Advantage Difficulty
No cut integral e Construction of d

e P, Neumann conditions
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What is the idea of ¢-FEM ?

Hypothesis :
Assume that €2 and " are given by a level-set function ¢ :

={¢p <0}andI' := {¢ = 0}.

Idea of ¢-FEM :
Include the Level-set function in the formulation
to take into account the boundary conditions
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Formal approach

o FEM for the Poisson Dirichlet Problem

37 t.q.{

—Au=f

u=20

bord

.

F?7vtq. — A(pv) = f
ot Q2 ={p <0}, u=ypv

Michel Duprez
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¢-FEM : weak formulation

Hypothesis : 2 and I" are given by a level-set function ¢ :
Q:={p<0}andT := {¢ = 0}.
¢-FEM formulation : Find vy, s.t.

Stab.
Term

/Qh v(¢vh)'v(¢wh)_/(99h ;(¢vh)¢wh+ = /ﬂh fowy, Ywy, € Wi,

where W, = {cont. piecewise pol. functions on a the mesh}.
Then uyp, := vx¢ as approximation of the initial problem.

Doy
NE

a0, T=00
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¢-FEM : weak formulation

Stabilization terms (to ensure a good conditioning number)

o 3 [ @) [ tonun)]

EeFr
+oh? Crerr Jp(A(dnvn) + )A(pnwn)
where [] is the jump on the interface E

T ={TeT,:TNTy # 2} (Tn={¢n=0});
JFr = {E (an internal edge of 7) such that 37" € T}, :

TNT, #2and E € 0T'}.

NG
Ne,

a0, T=00
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¢-FEM : a priori error estimate

Theorem (D.-Lozinski 2020, optimal error)

Let u be the continuous solution and vy, the ¢-FEM solution
Deformation error : |u — up|1.0 < Ch¥|| f||k.0
Displacement error : ||u — up|jo.0 < Ch*Y2||f|lk.q,
with C = C(¢) and k the polynomial order.

Proposition (Optimal conditioning)

The finite element matrix of p-FEM satisfies

Cond(A) < Ch™2.
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¢-FEM : Simulation of the Poisson-Dirichlet problem

Domain  : circle of radius v/2/4 centered at (0.5, 0.5)
Surrounding domain : O = (0,1)?

Level-set function : ¢(z,y) = (z — 1/2)? — (y — 1/2)* — 1/8
Exact solution : u(z,y) = exp(x) X sin(27y)

Artificial external force : f := —Au

Boundary : up = u(l + ¢)

1
Remark (non-homogeneous case)
Ifu:=uponl,
we replace ¢y vy, in the scheme
by ¢nvp, + up on Q.
0 1
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¢-FEM : Simulations in Py

1072 F E 07 l/,/)'/./' 3
e
102 F VA/;/ El
1079 P —
el =D 1
1074 = '
—e—standard. FEM on the ext. domain | 10-* —e—standard. FEM on the ext. domain
R —— standard-FEM —— standard-FEM
107 . $-FEM w0k . $-FEM
. | ] . | 1
109 1072 107! 10 ;r“ 1072 107!
2 . b 1 . h .
L~ relative error ~ displacement error H- relative error &~ deformation error
standard FEM on the extended standard FEM ¢»-FEM

domain with a perturbation
( Dirichlet : (1 + ¢)u )
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¢-FEM : Poisson-Dirichlet problem

Explanation of the numerical results

e Why better than standard FEM ?
> Standard FEM : polygonal approximation of the boundary
> ¢-FEM : better approx. of the bound. with a levelset

e Numerical cost of ¢-FEM :

> Good point : small size of the FEM matrix
> Bad point : quadrature more expensive

— integral of polynomial product

standard FEM ¢-FEM
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¢-FEM : Stabilization and conditioning

¢-FEM in IP; without stabilization

¢-FEM in [Py with stabilization
T T
,| |~ Hl rel. error (deformation) ]
10 —e—L2 rel. error (displacement)
107° E
1074 E E
107° F E
-6
100
10°
10" E|
10° F El
10° I T
1072 10!
h

1072 E E|

107 E|

1074 E E|

10°° - —

—e— H1 rel. error (deformation)
—o—L2 rel. error (displacement)
10-6 T T
107° 1072 107!
h

10"

100} 1
108 | 1
100 10 B
0t F 1 1

—e— Conditioning
107 £ I T 3
102 10!
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¢-FEM : high polynomial order

Remarque : ¢-FEM works high polynomial orders

10710 |-

—— L2 rel. error (displacement)
—e— HI rel. error (deformation)

——L2 rel. error (displacement)

—e— HI rel. error (deformation) ||

102 107!
h

Michel Duprez
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Neumann boundary condition

Consider the Poisson Neumann problem :

—Au+u=f inQ
Vu-n =g, on 9052

If

‘qb:O and Vo=nonl,

the last system is (formally) equivalent to

y = —Vu, in77lF
y-Vo=pop+g, in7}LF ~> Vu-n=g onl

NG
Ne,

a0,  T=00

Michel Duprez @-FEM : fictitious domain method with levelset functions 25



Neumann boundary condition : weak formualtion

Find (up, yn,pn) € W,Ek) such that for all (vp, 21, qn) € W,Ek)

/ Vuh-Vvh—i-/ uhvh—i-/ Y - U,
Qn Qn o,

Hu [ n+ Tun) - G+ Von)

h

1 1
+Zp/ (y-Von+ ph(bh)(z -Voy + Eth)

+oh / {() U] [a Ulz]+7(11() / F(diV Yn + Uh)(diV Zn + Uh,)

h h

=/ fwﬁk/ 9(z -V + *Qh¢h)+%ﬁ,v/ f(divzp +vp),
Q Ql h Jalb

h
where ¢y, is the Lagrange interpolation of ¢ of order [ and

Wi = {(un, yn, pn) € CO() x CO(,)? x LA() :
(whs Y, Pr) i € Pr x (Pr)? x Py_1}
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Neumann : optimal convergence

Theorem (D.-Lleras-Lozinski 2021, optimal error)

Let u be the continuous solution and uy, the ¢-FEM solution

Deformation error : |u — up|1.0 < Ch*(|| fllk.q, + I9llk11.0r)
Displacement error : ||u — uy|lo.q < CR*1/2(||f

with C = C(¢) and k the polynomial order.

kT “9“k+1,9£)

| A\

Proposition (Optimal conditioning)

The finite element matrix of ¢-FEM satisfies

Cond(A) < Ch™2.
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¢-FEM Neumann Poisson

2.0

o Level set function : s
distance to the boundary 1o

e Exact solution : u(z,y) := sin(z) exp(y) °
e Source term : f := —Au + u _::
e Extrapolated Neumann boundary condition: |,
g= %Q + ug 15
-2.0

: : : :

107 Wy

1072 1074

107°E 10-5 |

10t ol -

1077 . = llw = wunllo.cu/llllog
1070 — Ju— w0, /b, ]

107 .

T
107 1072 107! 1073 1072 107!

FIG}EJRE — Left : Py ; Right : [P§2
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¢-FEM Neumann Poisson - Sensibility to cut cells

— 0.0136

0 02 0.4 0.6 0.8

0o 0

FIGURE — Sensitivity to the rotation in ¢-FEM, k = 1 and [ = 3. Left : L?
relative error ; Right : H' relative error.
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¢-FEM : Linear elasticity equation - Dirichlet

Model
—div(o(u)) = f, inQ,
U =up, onT
¢-FEM model

—div(o(¢v +up)) = f, in £,

1072 ¢

108 % /

104 % — 11

1075 F b
10-6 , A 2 ——1L2 rel. error ®-FEM
1 —o—HI rel. error &-FEM

1077 F

10-8 L I I I
0 10-25 10-2 10-15

[Duprez-Roussel]
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Conclusion

Results
For the Poisson Dirichlet/Neumann problem :

@ Optimal convergence

o Discrete problem well conditioned

o Simple implementation : standard shape functions

o Formulation available for any order of approximation

¢-FEM works for the elasticity equations

Work in progress B RN
@ Dynamic system (-0 g \ \

o Fluid structure ! l
o Implementation of elastic models 3131/// | \\:///
in Sofa B A
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Thanks for your attention !



